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Abstract
Recently we have proved the NRQCD factorization in heavy quarkonium production at high
energy colliders at all orders in coupling constant. In this paper we extend this to non-equilibrium
QCD and prove the NRQCD factorization in heavy quarkonium production at all orders in coupling
constant in non-equilibrium QCD. This proof is necessary to study heavy quarkonium production
from quark gluon plasma at RHIC and LHC.
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I. INTRODUCTION
Recently we have proved the non relativistic QCD (NRQCD) factorization in heavy
quarkonium production at high energy colliders at all orders in coupling constant in [1].
In this paper we extend this to non-equilibrium QCD and prove the NRQCD factoriza-
tion at all orders in coupling constant in non-equilibrium QCD which is necessary to study
quark-gluon plasma at RHIC and LHC.
Just after the big bang our universe was filled with a state of matter known as quark-
gluon plasma. The temperature of quark-gluon plasma is >∼ 200 MeV which is much larger
than the temperature of the sun. Besides black holes, the quark-gluon plasma is denser than
all other forms of the matter we know so far. Hence recreating this early universe scenario
in the laboratory is challenging. At present RHIC (Au-Au collisions at
√
sNN = 200 GeV)
and LHC (Pb-Pb collisions at
√
sNN = 2.76 TeV in the run-1) provide the best facilities
to study the production of quark-gluon plasma in the laboratory. In the run-2 the LHC
collides two lead nuclei at
√
sNN = 5.02 TeV which creates even more energy density, i. e.,
it produces quark-gluon plasma with higher temperature.
The main difficulty we face at high energy heavy-ion colliders is to detect the quark-
gluon plasma and to study its properties. This is because we have not seen quarks and
gluons directly. Hence the detection of quark-gluon plasma has to be done by using indirect
signatures. Heavy quarkonium is an useful probe to study quark-gluon plasma. J/ψ sup-
pression is suggested to be one of the main signature of the quark-gluon plasma detection
[2]. This is based on the argument of Debye screening in quark-gluon plasma. At high
temperature the Debye screening length becomes smaller than the j/ψ radius leading to
complete suppression of j/ψ in quark-gluon plasma. For the current experimental results
on j/ψ suppression/production at SPS, RHIC and LHC see [3–5]. Note that the calculation
done in [2] uses lattice QCD results at finite temperature in equilibrium which may not be
applicable at RHIC and LHC where the system may be in non-equilibrium. This is because
of the following reason.
Note that if the quark-gluon plasma thermalizes then the non-equilibrium stage can
be called pre-equilibrium stage and the thermalized stage can be called equilibrium stage.
However, since the two nuclei at RHIC and LHC travel almost at speed of light the longi-
tudinal momenta of the partons inside the nuclei just before the nuclear collision are much
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larger than their transverse momenta. This leads to momentum anisotropy creating a non-
equilibrium quark-gluon plasma just after the nuclear collisions. Hence we know for sure
that the quark-gluon plasma is formed in non-equilibrium at RHIC and LHC. Note that
although the ”non equilibrium” phase and ”equilibrium” phase may not exclude each other
but, as mentioned above, we know for sure that the quark-gluon plasma is formed in non-
equilibrium but we do not know for sure if the quark-gluon plasma is in equilibrium at RHIC
and LHC. This is because sufficient number of secondary partonic collisions is necessary to
bring the quark-gluon plasma to equilibrium which can happen if the life time of the QCD
medium is large. However, there is no way of directly measuring the life time of the QCD
medium because all we experimentally measure are hadrons and color singlet observables.
Hence we do not know whether the life time of QCD medium is small or large. All we know
is that the hadronization time scale in QCD is very small (∼ 10−24 seconds). As mentioned
in [11] even if the experimental data at RHIC and LHC are explained by assuming thermal-
ization, it does not prove that the quark-gluon plasma is thermalized. This is because in
order to prove that the quark-gluon plasma is thermalized one has to prove that the same
experimental data can not be explained by non-equilibrium quark-gluon plasma. This is
because, as mentioned above, we know for sure that the quark-gluon plasma is formed in
non-equilibrium at RHIC and LHC. In order to prove that the same experimental data can
not be explained by non-equilibrium quark-gluon plasma one has to study non-equilibrium
and non-perturbative QCD.
Note that when we say non-equilibrium (and factorization) that does not mean that there
may not be any j/ψ suppression due to Debye screening in non-equilibrium QGP. What we
said is that the lattice QCD calculation is valid in equilibrium with static temperature T and
the lattice QCD calculation is not valid in non-equilibrium QCD where one can not define
a temperature. As mentioned above when the Debye screening radius becomes smaller than
the j/ψ radius then there is complete suppression of j/ψ in QGP [2]. The Debye screening
radius and the j/ψ radius were calculated in [2] by assuming equilibrium QGP at static
temperature. Similarly, to observe the j/ψ suppression in non-equilibrium QGP one has
to calculate the Debye screening radius and the j/ψ radius in non-equilibrium QCD which
is not easy. For example when charm and anticharm are in color octet state, like that in
NRQCD, the color potential is not Coulomb potential. It should be mentioned here that
the exact potential produced by the color charge of the quark is not known till now, see for
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example [6, 7] for recent development of the general form of the color potential produced by
the color charge of the quark. Hence the calculation of j/ψ radius in non-equilibrium QCD in
NRQCD color octet mechanism is not available as lattice QCD calculation is not applicable
in non-equilibrium QCD. In addition to this, the non-perturbative Debye screening mass
in non-equilibrium QCD is not available because lattice QCD is not applicable in non-
equilibrium QCD although the Debye screening mass and the magnetic screening mass at
one loop level in non-equilibrium QCD are available in [8–10]. Hence unless we calculate
the non-perturbative Debye screening mass and the j/ψ radius in non-equilibrium QCD it is
not possible to say if there is j/ψ suppression via Debye screening in non-equilibrium QCD
at RHIC and LHC or not.
The production of heavy quark-antiquark pair occurs in the hard scattering in the initial
nuclear collisions at RHIC and LHC. There can also be secondary heavy quark-antiquark pair
production from parton fusion processes from the QCD medium. The production of heavy
quark-antiquark pair can be calculated by using pQCD because the relevant momentum
transfer scale 2M is large where M is the mass of the heavy quark.
The formation of heavy quarkonium from heavy quark-antiquark pair involves non-
perturbative QCD which is not solved yet. Hence we depend on experimental data to
extract the non-perturbative matrix element of heavy quarkonium production. This is in
contrast to bound state formation in QED such as the hydrogen atom or the positronium
where the potential energy is known to be of the Coulomb form. Although phenomenological
potentials, like Coulomb potential or Coulomb plus linear potential etc. [12–14], are used
in QCD to describe heavy quarkonium formation the exact form of the potential energy
between quark and antiquark is not known. This is because the exact form of the classical
Yang-Mills potential Aµa(x) is not known yet. Hence the theoretical understanding of bound
state hadron formation in QCD remains a challenge.
In order to study heavy quarkonium production mechanism from heavy quark-antiquark
pair in non-equilibrium QCD it is necessary to understand the corresponding mechanism in
pp collisions at the same center of mass energy. NRQCD color octet mechanism for heavy
quarkonium production [15] is widely used to explain experimental data at high energy
colliders such as at Tevatron [16] and LHC [17]. In NRQCD the heavy quark-antiquark
pair production in color octet state is included and the non-perturbative NRQCD matrix
elements are extracted from the experiments [18].
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The PHENIX collaboration experimental data of heavy quarkonium production in pp
collisions at
√
s = 200 GeV at RHIC can be explained by using NRQCD color octet mech-
anism [19, 20]. Similarly the ALICE collaboration experimental data of heavy quarkonium
production in pp collisions at
√
s = 2.76 TeV at LHC can be explained by using NRQCD
color octet mechanism [21]. Hence in order to compare the heavy quarkonium production
data in Au-Au collisions with pp collisions at
√
s = 200 GeV at RHIC and in Pb-Pb col-
lisions with pp collisions at
√
s = 2.76 TeV at LHC it may be necessary to study heavy
quarkonium production in NRQCD color octet mechanism in high energy heavy-ion colli-
sions. As explained above, since the two nuclei at RHIC and LHC collide almost at speed
of light the quark-gluon plasma may be in non-equilibrium. Hence it is necessary to study
heavy quarkonium production in NRQCD color octet mechanism in non-equilibrium QCD.
In order to study heavy quarkonium production at high energy colliders one needs to prove
factorization theorem, otherwise one will predict infinite cross section of heavy quarkonium
[1, 11, 22–27]. Note that in the original formulation of NRQCD color octet mechanism of
heavy quarkonium production [15] the proof of factorization theorem was missing. We have
proved NRQCD factorization of heavy quarkonium production in color octet mechanism at
NNLO in coupling constant by using diagrammatic approach in [24]. In [1] we have proved
NRQCD factorization of heavy quarkonium production in color octet mechanism at all order
in coupling constant by using path integral formulation of QCD.
Note that heavy quarkonium is a primary signature of quark-gluon plasma detection
[2]. Hence it is necessary to prove factorization of heavy quarkonium production in non-
equilibrium QCD. In this paper we will prove factorization of heavy quarkonium production
in non-equilibrium QCD in (NRQCD) color octet mechanism at all order in coupling con-
stant.
Note that in the formulation of NRQCD an ultraviolet cutoff Λ ∼ M is introduced [15].
Hence the ultraviolet (UV) behavior of NRQCD and QCD differ but infrared (IR) behavior
of QCD and NRQCD remains same [28]. Because of this reason our analysis of infrared
divergences in this paper is valid for QCD as well for NRQCD.
The main result we find in non-equilibrium QCD is that while the gauge links are not re-
quired in the color singlet S-wave non-perturbative matrix elements in non-equilibrium QCD,
the gauge links are required in the S-wave color octet non-perturbative matrix elements in
non-equilibrium QCD. In the S-wave color singlet heavy quarkonium production the infrared
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divergences are absent because the infrared divergences due to the soft gluons exchange be-
tween the heavy quark and the nearby light-like quark (or gluon) in non-equilibrium QCD
cancel with the corresponding infrared divergences due to the soft gluons exchange between
the heavy antiquark and the same nearby light-like quark (or gluon).
However, there are uncanceled infrared divergences if the heavy quark-antiquark pair is
in the color octet state in non-equilibrium QCD and these uncanceled infrared divergences
cancel with the corresponding infrared divergences in the gauge links in the S-wave color
octet non-perturbative matrix element in non-equilibrium QCD at all order in coupling con-
stant. We find that the (NRQCD) S-wave color octet non-equilibrium and non-perturbative
matrix element is independent of the light-like vector lµ which defines the gauge link. This
proves factorization of heavy quarkonium production in (NRQCD) color octet mechanism
in non-equilibrium QCD at all order in coupling constant.
The paper is organized as follows. In section II we briefly discuss the heavy quark-
antiquark pair in non-equilibrium QCD by using closed-time path integral formalism. In sec-
tion III we describe infrared divergences in heavy quarkonium production. In section IV we
prove factorization of heavy quarkonium production in non-equilibrium QCD in (NRQCD)
color octet mechanism at all order in coupling constant. In section V we show that the fac-
torization theorem is a key ingredient in calculation of heavy quarkonium production cross
section in non-equilibrium QCD. Section VI contains conclusions.
II. HEAVY QUARK-ANTIQUARK PAIR IN NON-EQUILIBRIUM QCD USING
CLOSED-TIME PATH INTEGRAL FORMALISM
The ground state at RHIC and LHC due to the presence of QCD medium at the initial
time t = tin is not a vacuum state |0 >. We denote the initial state in non-equilibrium QCD
at the initial time t = tin by |in >. We use the notation Ψ for the heavy quark field and
the notation ψl for the light quark field where l = 1, 2, 3 = u, d, s stands for up, down and
strange quark respectively. The mass of the light quark is denoted by ml and the mass of
the heavy quark is denoted by M .
In the path integral formulation of QCD the non-equilibrium and non-perturbative heavy
quark-antiquark correlation function of the type < in|Ψ¯r(x1)O1Ψr(x1)Ψ¯s(x2)O′2Ψs(x2)|in >
6
is given by [8, 29–31]
< in|Ψ¯r(x1)O1Ψr(x1)Ψ¯s(x2)O′2Ψs(x2)|in >
=
∫
Π3n=1[dψ¯n+][dψ¯n−][dψn+][dψn−][dΨ¯+][dΨ¯−][dΨ+][dΨ−][dQ+][dQ−]
Ψ¯r(x1)O1Ψr(x1)Ψ¯s(x2)O
′
2Ψs(x2) det(
δ∂µQ
µc
+
δωd+
) det(
δ∂µQ
µc
−
δωd−
)
exp[i
∫
d4x[−1
4
F 2[Q+] +
1
4
F 2[Q−]− 1
2α
(∂µQ
µc
+ )
2 +
1
2α
(∂µQ
µc
− )
2
+
3∑
l=1
[ψ¯l+(D/[Q+]−ml)ψl+ − ψ¯l−(D/[Q−]−ml)ψl−] + Ψ¯+(D/[Q+]−M)Ψ+ − Ψ¯−(D/[Q−]−M)Ψ−]]
< Q+, ψu+, ψ¯u+, ψd+, ψ¯d+, ψs+, ψ¯s+,Ψ+, Ψ¯+, 0| ρ |0,Ψ−, Ψ¯−, ψ¯s−, ψs−, ψ¯d−, ψd−, ψ¯u−, ψu−, Q− >
(1)
where +(−) index corresponds to upper (lower) time branch in the closed-time path for-
malism, ρ is the initial density of state in non-equilibrium, Qµc(x) is the gluon field with
c = 1, 2, ..., 8 and
F 2[Q] = F aµν [Q]F
µνa[Q], F µνa[Q] = ∂µQνa(x)− ∂νQµa(x) + gfabcQµb(x)Qνc(x),
D/[Q] = iγµ∂µ + gT
aγµQaµ. (2)
The state |Ψ±, Ψ¯±, ψ¯s±, ψs±, ψ¯d±, ψd±, ψ¯u±, ψu±, Q±, 0 > corresponds to the field configura-
tions at the initial time t = tin = 0 where we work in the frozen ghost formalism [8, 31] for
the medium part at the initial time t = tin = 0. Note that the repeated closed-time path
indices r, s = +,− are not summed.
For color singlet heavy quark-antiquark pair the operators O1 and O
′
2 are proportional to
the unit matrix I in color space and for color octet heavy quark-antiquark pair the operators
O1 and O
′
2 are proportional to the color matrix T
a in color space where T a is the generator
of the SU(3) group.
III. INFRARED DIVERGENCES IN HEAVY QUARKONIUM PRODUCTION
A detailed discussion of infrared divergences in heavy quarkonium production at high
energy colliders is given in [1, 15, 24]. As mentioned earlier the ultraviolet (UV) behavior
of NRQCD and QCD differ but infrared (IR) behavior of QCD and NRQCD remains same
[28]. Hence the infrared divergences analysis in QCD is same as that in NRQCD.
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For simplicity, let us consider the infrared divergences in QED before considering the
infrared divergences in QCD. For a real photon of four momentum kµ emitted from an
incoming electron of four momentum pµ we get by using the Feynman rules in QED the
following contribution to the amplitude [32]
1
p/− k/−m 6 ǫ(k)u(p) = −
p · ǫpure(k)
k · p u(p) +
k/ 6 ǫphys(k)
2k · p u(p) (3)
where m is the mass of the electron and
6 ǫ(k) = 6 ǫphys(k)+ 6 ǫpure(k), 6 ǫphys(k) = 6 ǫ(k)−k/p · ǫ(k)
k · p , 6 ǫpure(k) = k/
p · ǫ(k)
k · p
(4)
where ǫµphys(k) is the physical gauge field corresponding to the transverse polarization and
ǫµpure(k) is the pure gauge field corresponding to longitudinal polarization.
Infrared divergence occurs in QED due to the soft photon exchange in the limit kµ → 0.
From eqs. (3) and (4) we find
p · ǫpure(k)
k · p →∞ as k
µ → 0,
p · ǫphys(k)
k · p = 0,
k/ 6 ǫpure(k)
2k · p = 0,
k/ 6 ǫphys(k)
2k · p → finite as k
µ → 0. (5)
A. Interaction of Non-Eikonal Current With the Gauge Field Generated by the
Light-Like Eikonal Current in Quantum Field Theory
The third equation k/ 6ǫpure(k)
2k·p
= 0 of eq. (5) plays an essential role to use background field
method in quantum field theory to study factorization of infrared divergences due to the
presence of light-like Wilson line without modifying the finite value of the cross section. This
is because the gauge field generated by the single light-like eikonal current can be replaced
by a pure gauge in quantum field theory in the situation in which that gauge field interacts
with the non-eikonal part of the diagram. This can be shown as follows.
From 1
p/−k/−m
6 ǫ(k)u(p) of eq. (3) we find that the non-eikonal part of the diagram gives
k/6ǫ(k)
2k·p
u(p). Hence from the non-eikonal part of the diagram we find the relevant contribution
e
∫
d4k
(2π)4
kνγνγµA
µ(k)
2p · k + iǫ =
∫
d4xJµ(x)A
µ(x) (6)
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where the non-eikonal current density Jµ(x) of the charge e of four-momentum pµ is given
by
Jµ(x) =
e
2
γνγ
µ
∫ ∞
0
dλ
∂
∂xν
δ(4)(x− pλ). (7)
Similarly from eq. (3) we find that the eikonal current density is given by [1]
Jµ(x) = e
∫
dλ lµ δ(4)(x− lλ) (8)
where lµ is the four-velocity of the eikonal current.
From the path integral formulation in quantum field theory we find that the effective
action is given by [1]
Seff [J ] = −1
2
∫
d4xJµ(x)
1
∂2
Jµ(x). (9)
Hence using eqs. (7) and (8) in eq. (9) we find that the interaction between the non-eikonal
current and the gauge field generated by the light-like eikonal current in quantum field
theory gives the effective (interaction) action
Sinteff [J ] =
e2
4
∫
d4xγν 6 l
∫ ∞
0
dλδ(4)(x− pλ) ∂
∂xν
1
∂2
∫
dλ′ δ(4)(x− lλ′)
= l2
e2
2
∫
d4x[
l · ∂[p · (x− pλ0)]
[p · (x− pλ0)]2 ][
1
(l · x)3 ] (10)
where λ0 is the solution of the equation
(x− pλ0)µ(x− pλ0)µ = 0. (11)
From eqs. (10) and (11) we find that the interaction between the non-light-like non-eikonal
current and the gauge field generated by the light-like eikonal current in quantum field
theory gives the effective (interaction) lagrangian density
Linteff(x) = l2
e2
2
(p · l)(p · x)− (l · x)p2
(l · x)3[(p · x)2 − p2x2] 32 . (12)
From eq. (12) we find that the interaction between the light-like non-eikonal current and
the gauge field generated by the light-like eikonal current in quantum field theory gives the
effective (interaction) lagrangian density
Linteff(x) =
e2
2
l2(p · l)
(p · x)2(l · x)3 . (13)
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For light-like four-velocity we get
l2 = lµlµ = 0. (14)
Hence from eqs. (12), (13) and (14) we find that the effective (interaction) lagrangian density
due to the interaction between the (light-like or non-light-like) non-eikonal current and the
gauge field generated by the light-like eikonal current in quantum field theory is given by
Linteff (x) = 0, when l · x 6= 0, p · x 6= 0. (15)
Hence from eq. (15) we find that the interaction between the non-eikonal current and
the gauge field generated by the light-like eikonal current in quantum field theory gives
zero effective (interaction) lagrangian density. This is also evident from the third equation
k/ 6ǫpure(k)
2k·p
= 0 of eq. (5). This is obvious because pure gauge field corresponds to longitudinal
polarization which can not contribute to physical cross section. Similarly we have shown in
[1] that the light-like eikonal current generates zero effective lagrangian density. Hence from
eq. (15) and [1] we find that the light-like eikonal current in quantum field theory generates
pure gauge field which agrees with the corresponding result in classical mechanics [6, 7, 22].
B. Infrared Divergences Due to the Presence of Light-Like Wilson Line
Hence from eqs. (5), (4), (15), (3) and [1] we find that the non-eikonal part k/ 6ǫ(k)
2k·p
of the
diagram is necessary to calculate the finite cross section but is not necessary to calculate
the relevant infrared divergences which can be calculated by using the eikonal part p·ǫ(k)
k·p
of the diagram. In addition to this we find from eq. (5) that the physical gauge field
which corresponds to transverse polarization does not contribute to infrared divergences in
quantum field theory and the pure gauge field corresponding to the longitudinal polarization
does not contribute to the finite cross section in quantum field theory.
Since the eikonal current of the light-like charge generates pure gauge field in quantum
field theory [1] (see also eq. (15) above) we find from eqs. (15), (5) and [1] that the infrared
divergences in QED due to the soft-photons exchange with the the light-like Wilson line in
QED can be studied by using pure gauge without modifying the finite value of the cross
section. Since the pure gauge field corresponds to unphysical longitudinal polarization, it
can be gauged away in the sense of factorization. Hence we find that the analysis of infrared
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divergences in quantum field theory due to the presence of light-like Wilson line can be
simplified by using pure gauge.
Note that the eikonal current of the light-like charge generates pure gauge field
in classical mechanics [6, 7, 22] and in quantum field theory [1] (also see eq. (15)
above) at all time-space position xµ except at the position transverse to the motion
of the charge (~l · ~x = 0) at the time of closest approach (x0 = 0). We are in-
terested in the infrared behavior of the non-perturbative matrix element of the type
< in|Ψ¯r(x1)O1Ψr(x1)Ψ¯s(x2)O′2Ψs(x2)|in >A in the presence of nearby light-like quark (or
gluon). Since < in|Ψ¯r(x1)O1Ψr(x1)Ψ¯s(x2)O′2Ψs(x2)|in > is a non-perturbative matrix ele-
ment its property at all order in coupling constant can be studied by using path integral
formulation of QCD. In addition to this it is clear that since the operators O1, O2 contain
color matrices T a the non-perturbative matrix element
< in|Ψ¯r(x1)O1Ψr(x1)Ψ¯s(x2)O′2Ψs(x2)|in >A in the presence of light-like Wilson line is not
gauge invariant. Since < in|Ψ¯r(x1)O1Ψr(x1)Ψ¯s(x2)O′2Ψs(x2)|in >A is not gauge invariant it
can not cancel the uncanceled infrared divergences due to the interaction between color octet
heavy quark-antiquark pair and the nearby light-like quark (or gluon). Hence we find that
both the issues of gauge invariance and factorization of soft and collinear divergences can be
resolved by using symmetry consideration at the lagrangian level (instead of diagrammatic
technique) by using path integral formulation of quantum field theory in the background
field method in the presence of pure gauge background field [30].
In QCD the SU(3) pure gauge is given by
T aAµa(x) =
1
ig
[∂µΦ(x)]Φ−1(x) (16)
which gives the non-abelian gauge link [1, 1, 27]
Φ(x) = Pe−ig
∫
∞
0
dtl·Ac(x+lt)T c = eigT
cωc(x) (17)
for infrared divergences due to infinite number of soft gluons exchange with the light-like
quark where P is the path ordering and lµ is the four-velocity of the light-like quark.
From this point of view it is useful to recall that the path integral formulation of back-
ground field method was first used by Tucci [30] to prove factorization of soft and collinear
divergences by using symmetry consideration at the lagrangian level rather than the dia-
grammatic approach. Since the path integral formulation of the background field method
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of QED is more general than the path integral formulation of QED, the path integral for-
mulation of the background field method of QED to prove factorization of soft and collinear
divergences in QED is based on first principle calculation. The proof of factorization of soft
and collinear divergences in the path integral formulation of background method by Tucci
in [30] is extended to non-equilibrium QED in [33].
Note that the calculation done in [30] is not an exact extension from QED to QCD. Let
us clarify what we meant when we say that the calculation done in [30] is not an exact
extension from QED to QCD. The main result of [30] is eq. (4.18) which is obtained by
using the generating functional Za,G+∆G[J ] from eq. (4.17) using the background Feynman
gauge fixing G + ∆G instead of the background field gauge fixing G as given by eq. (2.2).
For one soft gluon the diagrams are given by Fig. 3 of [30]. As can be seen from this figure
only the first two diagrams of the right hand side correspond to one soft photon case of QED
obtained from eq. (1.6) of [30]. In this sense the calculation of [30] is not an exact extension
from QED to QCD. If the generating functional Za,G[J ] from eq. (2.2) in the background
field gauge fixing is used [like in our study or in [34, 35]] instead of the generating functional
Za,G+∆G[J ] in the background Feynman gauge fixing from eq. (4.17) then the remaining
diagrams (like the last two diagrams in the right hand side of Fig 3) will be absent and the
result will be an exact extension of eq. (1.6) of QED to QCD. This can be mathematically
seen as follows.
The eq. (4.18) is not similar to eq. (1.6) of QED in [30] because of the presence of R(x2)
and R(x1) in eq. (4.18) where R(x) is given by eq. (4.15) which contains ghost field (c),
gluon field (Q) and background pure gauge field (A). Because of this, the right hand side
of eq. (4.18) actually contains (full) correlation function of the type
∫
d4y < c(x2)c¯(y)Q
a
µ(y)ψ(x2)ψ¯(x1) > Φadjoint(y)∂
µωb(y) etc. instead of < ψ(x2)ψ¯(x1) >
which appears in eq. (1.6). In this sense eq. (4.18) is not an exact extension of eq. (1.6) of
QED to QCD because of the presence of these extra non-perturbative correlation functions
of the type < c(x2)c¯(y)Q
a
µ(y)ψ(x2)ψ¯(x1) > etc. This was expected because these additional
terms involving R(x2) and R(x1) appeared because [30] used background Feynman gauge
fixing G + ∆G in eq. (4.17) instead of the background field gauge gauge fixing G from eq.
(2.2) to define the correlation function. It should be mentioned here that < ψ(x2)ψ¯(x1) >A
is not a physical observable quantity in QCD.
Note that the main advantage of the background field method of QCD (see [34, 35]) is that
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it retains explicit gauge invariance even after the gauge fixing term is added which greatly
simplifies the calculation. This means the choice of gauge fixing term is severely restricted
in order to maintain explicit gauge invariance which can greatly simplify the calculation.
The background Feynman gauge fixing G + ∆G which is used in eq. (4.17) of [30] is not
gauge invariant. Hence the main advantage of using the background field method of QCD
is lost in [30] when the background Feynman gauge fixing term is used in eq. (4.17).
Note that a physical observable quantity in QCD is independent of the gauge fixing.
Hence one will obtain the same physical observable quantity whether he/she works in back-
ground Feynman gauge fixing G +∆G or in background field gauge fixing G. Therefore it
is useful to choose a gauge fixing which greatly simplifies the calculation. The background
field gauge fixing G enormously simplifies the study of renormalization of ultra violet (UV)
divergences in QCD because (unlike background Feynman gauge fixing G+∆G) the back-
ground field gauge fixing is explicitly gauge invariant, see [34, 35]. As is shown in [24] the
factorization of infrared (IR) divergences and the gauge invariance are related. Hence one
expects that the background field gauge fixing (which maintains explicit gauge invariance)
will also enormously simplify the study of factorization of infrared (IR) divergences in QCD.
This is what we find in our study in the background field gauge fixing where we obtain
< ψ(x2)ψ¯(x1) >A= Φ(x2) < ψ(x2)ψ¯(x1) > Φ
†(x1) [1, 27] which is an exact extension of eq.
(1.6) of QED in [30] to QCD because it does not contain extra R(x2) and R(x1) terms which
are present in eq. (4.18).
By using the path integral formulation of the background field method of QCD in the
background field gauge fixing we have proved factorization in QCD at all orders in coupling
constant in [1, 27, 36] by using the gauge fixing identity in QCD [37]. We have extended this
to quark fragmentation function in non-equilibrium QCD in [38], to gluon fragmentation
function in non-equilibrium QCD in [25] and to χcJ production in non-equilibrium QCD
in color singlet mechanism in [11]. In this paper we will extend this to NRQCD heavy
quarkonium production in non-equilibrium QCD in color octet mechanism. In [36–38] the
proof was presented by using infinitesimal (ωa small) gauge transformation technique. In
this paper we present the proof by doing the exact finite gauge transformation calculation
(see section IV).
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IV. PROOF OF FACTORIZATION OF HEAVY QUARKONIUM PRODUCTION
IN NON-EQUILIBRIUM QCD IN (NRQCD) COLOR OCTET MECHANISM
Note that the definition of the heavy quarkonium production matrix element from
heavy quark-antiquark pair in non-equilibrium QCD is a non-perturbative quantity in
non-equilibrium QCD which can not be calculated by using perturbation theory in non-
equilibrium QCD. It is well known that a non-perturbative function can not be studied
by using perturbation theory no matter how many orders of perturbation theory is used.
The path integral formulation (as opposed to diagrammatic methods in perturbation the-
ory) is necessary to study the properties of the non-perturbative matrix element of heavy
quarkonium production in non-equilibrium QCD at all order in coupling constant.
The non-equilibrium and non-perturbative heavy quark-antiquark correlation function of
the type < in|Ψ¯r(x1)O1Ψr(x1)Ψ¯s(x2)O′2Ψs(x2)|in > in the background field method of QCD
is given by [8, 30, 31, 34, 39, 40]
< in|Ψ¯r(x1)O1Ψr(x1)Ψ¯s(x2)O′2Ψs(x2)|in >A
=
∫
Π3n=1[dψ¯n+][dψ¯n−][dψn+][dψn−][dΨ¯+][dΨ¯−][dΨ+][dΨ−][dQ+][dQ−]
Ψ¯r(x1)O1Ψr(x1)Ψ¯s(x2)O
′
2Ψs(x2) det(
δGc(Q+)
δωd+
) det(
δGc(Q−)
δωd−
)
exp[i
∫
d4x[−1
4
F 2[Q+ + A+] +
1
4
F 2[Q− + A−]− 1
2α
(Gc(Q+))
2 +
1
2α
(Gc(Q−))
2
+
3∑
l=1
[ψ¯l+(D/[Q+ + A+]−ml)ψl+ − ψ¯l−(D/[Q− + A−]−ml)ψl−]
+Ψ¯+(D/[Q+ + A+]−M)Ψ+ − Ψ¯−(D/[Q− + A−]−M)Ψ−]]
< Q+ + A+, ψu+, ψ¯u+, ψd+, ψ¯d+, ψs+, ψ¯s+,Ψ+, Ψ¯+, 0| ρ |0,Ψ−, Ψ¯−, ψ¯s−, ψs−, ψ¯d−, ψd−,
ψ¯u−, ψu−, Q− + A− > (18)
where
F aµν [A± +Q±] = ∂µ[A
a
ν± +Q
a
ν±]− ∂ν [Aaµ± +Qaµ±] + gfabc[Abµ± +Qbµ±][Acν± +Qcν±],
Gc(Q±) = ∂µQ
µc
± + gf
cbaAbµ±Q
µa
± = Dµ[A±]Q
µc
± (19)
and the type I gauge transformation is given by [34, 39, 40]
T cA′cµ±(x) = U±(x)T
cAcµ±(x)U
−1
± (x) +
1
ig
[∂µU±(x)] U
−1
± (x),
T cQ′cµ±(x) = U±(x)T
cQcµ±(x)U
−1
± (x), U±(x) = e
igT cωc
±
(x). (20)
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When the operators O1, O
′
2 are independent of quantum fields then by changing the
integration variable Q→ Q− A in the right hand side of eq. (18) we find
< in|Ψ¯r(x1)O1Ψr(x1)Ψ¯s(x2)O′2Ψs(x2)|in >A
=
∫
Π3n=1[dψ¯n+][dψ¯n−][dψn+][dψn−][dΨ¯+][dΨ¯−][dΨ+][dΨ−][dQ+][dQ−]
Ψ¯r(x1)O1Ψr(x1)Ψ¯s(x2)O
′
2Ψs(x2) det(
δGcf(Q+)
δωd+
) det(
δGcf(Q−)
δωd−
)
exp[i
∫
d4x[−1
4
F 2[Q+] +
1
4
F 2[Q−]− 1
2α
(Gcf (Q+))
2 +
1
2α
(Gcf(Q−))
2
+
3∑
l=1
[ψ¯l+(D/[Q+]−ml)ψl+ − ψ¯l−(D/[Q−]−ml)ψl−] + Ψ¯+(D/[Q+]−M)Ψ+ − Ψ¯−(D/[Q−]−M)Ψ−]]
< Q+, ψu+, ψ¯u+, ψd+, ψ¯d+, ψs+, ψ¯s+,Ψ+, Ψ¯+, 0| ρ |0,Ψ−, Ψ¯−, ψ¯s−, ψs−, ψ¯d−, ψd−, ψ¯u−, ψu−, Q− >
(21)
where
Gcf(Q±) = ∂µQ
µc
± + gf
cbaAbµ±Q
µa
± − ∂µAµc± = Dµ[A±]Qµc± − ∂µAµc± (22)
and eq. (20) gives
T cQ′cµ±(x) = U±(x)T
cQcµ±(x)U
−1
± (x) +
1
ig
[∂µU±(x)] U
−1
± (x), U±(x) = e
igT cωc
±
(x).
(23)
Eq. (21) can be written as
< in|Ψ¯r(x1)O1Ψr(x1)Ψ¯s(x2)O′2Ψs(x2)|in >A
=
∫
Π3n=1[dψ¯
′
n+][dψ¯
′
n−][dψ
′
n+][dψ
′
n−][dΨ¯
′
+][dΨ¯
′
−][dΨ
′
+][dΨ
′
−][dQ
′
+][dQ
′
−]
Ψ¯′r(x1)O1Ψ
′
r(x1)Ψ¯
′
s(x2)O
′
2Ψ
′
s(x2) det(
δGcf(Q
′
+)
δωd+
) det(
δGcf(Q
′
−)
δωd−
)
exp[i
∫
d4x[−1
4
F 2[Q′+] +
1
4
F 2[Q′−]−
1
2α
(Gcf (Q
′
+))
2 +
1
2α
(Gcf(Q
′
−))
2
+
3∑
l=1
[ψ¯′l+(D/[Q
′
+]−ml)ψ′l+ − ψ¯′l−(D/[Q′−]−ml)ψ′l−] + Ψ¯′+(D/[Q′+]−M)Ψ′+ − Ψ¯′−(D/[Q′−]−M)Ψ′−]]
< Q′+, ψ
′
u+, ψ¯
′
u+, ψ
′
d+, ψ¯
′
d+, ψ
′
s+, ψ¯
′
s+,Ψ
′
+, Ψ¯
′
+, 0| ρ |0,Ψ′−, Ψ¯′−, ψ¯′s−, ψ′s−, ψ¯′d−, ψ′d−, ψ¯′u−, ψ′u−, Q′− >
(24)
because a change of integration variables from unprimed variables to primed variables does
not change the value of the integration. Under the gauge transformation the quark fields
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transform as
ψ′l±(x) = e
igT cωc
±
(x)ψl±(x), Ψ
′
±(x) = e
igT cωc
±
(x)Ψ±(x). (25)
Since we are working in the frozen ghost formalism for
the medium part at the initial time [8, 31] the <
Q+, ψu+, ψ¯u+, ψd+, ψ¯d+, ψs+, ψ¯s+,Ψ+, Ψ¯+, 0| ρ |0,Ψ−, Ψ¯−, ψ¯s−, ψs−, ψ¯d−, ψd−, ψ¯u−, ψu−, Q− >
in eq. (1) corresponding to initial density of state in non-equilibrium QCD is gauge
invariant by definition. Hence from eqs. (23) and (25) we find [38]
< Q′+, ψ
′
u+, ψ¯
′
u+, ψ
′
d+, ψ¯
′
d+, ψ
′
s+, ψ¯
′
s+,Ψ
′
+, Ψ¯
′
+, 0| ρ |0,Ψ′−, Ψ¯′−, ψ¯′s−, ψ′s−, ψ¯′d−, ψ′d−, ψ¯′u−, ψ′u−, Q′− >
=< Q+, ψu+, ψ¯u+, ψd+, ψ¯d+, ψs+, ψ¯s+,Ψ+, Ψ¯+, 0| ρ |0,Ψ−, Ψ¯−, ψ¯s−, ψs−, ψ¯d−, ψd−, ψ¯u−, ψu−, Q− > .
(26)
When background field Aµa(x) is the SU(3) pure gauge as given by eq. (16) then we find
from eqs. (23), (25), (22) and (16) that [1, 1, 27]
[dQ′±] = [dQ±], [dψ¯
′
l±][dψ
′
l±] = [dψ¯l±][dψl±], [dΨ¯
′
±][dΨ
′
±] = [dΨ¯±][dΨ±],
ψ¯′l±[iγ
µ∂µ −ml + gT cγµQ′cµ±]ψ′l± = ψ¯l±[iγµ∂µ −ml + gT cγµQcµ±]ψl±,
Ψ¯′±[iγ
µ∂µ −M + gT cγµQ′cµ±]Ψ′± = Ψ¯±[iγµ∂µ −M + gT cγµQcµ±]Ψ±, F 2[Q′±] = F 2[Q±]
(Gcf(Q
′
±))
2 = (∂µQ
µc
± (x))
2, det[
δGcf(Q
′
±)
δωd±
] = det[
δ(∂µQ
µc
± (x))
δωd±
]. (27)
Using eqs. (27), (26) and (25) in eq. (24) we find
< in|Ψ¯r(x1)O1Ψr(x1)Ψ¯s(x2)O′2Ψs(x2)|in >A
=
∫
Π3n=1[dψ¯n+][dψ¯n−][dψn+][dψn−][dΨ¯+][dΨ¯−][dΨ+][dΨ−][dQ+][dQ−]
Ψ¯r(x1)e
−igT cωcr(x1)O1e
igT cωcr(x1)Ψr(x1)Ψ¯s(x2)e
−igT cωcs(x2)O′2e
igT cωcs(x2)Ψs(x2)
det(
δ∂µQ
µc
+
δωd+
) det(
δ∂µQ
µc
−
δωd−
) exp[i
∫
d4x[−1
4
F 2[Q+] +
1
4
F 2[Q−]− 1
2α
(∂µQ
µc
+ )
2 +
1
2α
(∂µQ
µc
− )
2
+
3∑
l=1
[ψ¯l+(D/[Q+]−ml)ψl+ − ψ¯l−(D/[Q−]−ml)ψl−] + Ψ¯+(D/[Q+]−M)Ψ+ − Ψ¯−(D/[Q−]−M)Ψ−]]
< Q+, ψu+, ψ¯u+, ψd+, ψ¯d+, ψs+, ψ¯s+,Ψ+, Ψ¯+, 0| ρ |0,Ψ−, Ψ¯−, ψ¯s−, ψs−, ψ¯d−, ψd−, ψ¯u−, ψu−, Q− > .
(28)
Using similar techniques as above we find
< in|Ψ¯r(x1)eigT cωcr(x1)O1e−igT cωcr(x1)Ψr(x1)Ψ¯s(x2)eigT cωcs(x2)O′2e−igT
cωcs(x2)Ψs(x2)|in >A
16
=
∫
Π3n=1[dψ¯n+][dψ¯n−][dψn+][dψn−][dΨ¯+][dΨ¯−][dΨ+][dΨ−][dQ+][dQ−]
Ψ¯r(x1)O1Ψr(x1)Ψ¯s(x2)O
′
2Ψs(x2) det(
δ∂µQ
µc
+
δωd+
) det(
δ∂µQ
µc
−
δωd−
)
exp[i
∫
d4x[−1
4
F 2[Q+] +
1
4
F 2[Q−]− 1
2α
(∂µQ
µc
+ )
2 +
1
2α
(∂µQ
µc
− )
2
+
3∑
l=1
[ψ¯l+(D/[Q+]−ml)ψl+ − ψ¯l−(D/[Q−]−ml)ψl−] + Ψ¯+(D/[Q+]−M)Ψ+ − Ψ¯−(D/[Q−]−M)Ψ−]]
< Q+, ψu+, ψ¯u+, ψd+, ψ¯d+, ψs+, ψ¯s+,Ψ+, Ψ¯+, 0| ρ |0,Ψ−, Ψ¯−, ψ¯s−, ψs−, ψ¯d−, ψd−, ψ¯u−, ψu−, Q− > .
(29)
From eqs. (1) and (29) we find
< in|Ψ¯r(x1)O1Ψr(x1)Ψ¯s(x2)O′2Ψs(x2)|in >
=< in|Ψ¯r(x1)Φr(x1)O1Φ†r(x1)Ψr(x1)Ψ¯s(x2)Φs(x2)O′2Φ†s(x2)Ψs(x2)|in >A (30)
where (see eq. (17) and [27])
Φr(x) = Pe−ig
∫
∞
0
dtl·Acr(x+lt)T
c
. (31)
Note that the creation operator of the hadron a†H is defined as follows
|H +X >= a†H |X >,
∑
X
|X >< X| = 1 (32)
where X stands for other final state hadrons. Since a†H is the creation operator of the hadron
as defined in eq. (32), one finds from eq. (32) that a†H is not a function of the quark fields
ψl(x),Ψ(x) and is not a function of gluon field Q
µa(x) which implies from eq. (30) that
< in|Ψ¯r(x1)O1Ψr(x1)a†HaHΨ¯s(x2)O′2Ψs(x2)|in >
=< in|Ψ¯r(x1)Φr(x1)O1Φ†r(x1)Ψr(x1)a†HaHΨ¯s(x2)Φs(x2)O′2Φ†s(x2)Ψs(x2)|in >A (33)
which proves factorization of infrared divergences at all order in coupling constant in non-
equilibrium QCD. Eq. (33) is valid in covariant gauge, in light-cone gauge, in general axial
gauges, in general non-covariant gauges and in general Coulomb gauge etc. respectively [27].
The eq. (33) is exact extension of eq. (1.6) of [30] of factorization in QED.
Note that the non-equilibrium and non-perturbative matrix elements
< in|Ψ¯r(x1)O1Ψr(x1)a†HaHΨ¯s(x2)O′2Ψs(x2)|in > and
< in|Ψ¯r(x1)Φr(x1)O1Φ†r(x1)Ψr(x1)a†HaHΨ¯s(x2)Φs(x2)O′2Φ†s(x2)Ψs(x2)|in >A in eq. (33) are
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obtained from the exact generating functionals. Hence the eq. (33) is valid at all order in
coupling constant in non-equilibrium QCD.
Hence we find that< in|Ψ¯r(x1)Φr(x1)O1Φ†r(x1)Ψr(x1)a†HaHΨ¯s(x2)Φs(x2)O′2Φ†s(x2)Ψs(x2)|in >A
in eq. (33) is gauge invariant and is consistent with factorization of infrared divergences in
non-equilibrium QCD at all order in coupling constant.
From eq. (33) we find that the uncanceled infrared divergences due to the interaction of
the color octet heavy quark-antiquark pair with the nearby light-like quark (or gluon) in non-
equilibrium QCD cancel with the corresponding infrared divergences in the gauge links in
the S-wave color octet non-perturbative matrix element in non-equilibrium QCD at all order
in coupling constant. This proves factorization of infrared divergences of heavy quarkonium
production from color octet heavy quark-antiquark pair in non-equilibrium QCD at all order
in coupling constant.
As explained in [25] the non-perturbative matrix element in non-equilibrium QCD can
be obtained by using |Q >= a†|in > instead of |Q >= a†|0 > in vacuum where a† is the
creation operator of the heavy quark. When the operators O1, O
′
2 are proportional to the
color matrix T a then we find from eq. (33) that the S−wave color octet non-perturbative
matrix element for heavy quarkonium production in (NRQCD) color octet mechanism in
non-equilibrium QCD is given by
< in|OH |in >=< in|χ†(0)Kn,eξ(0)Φ(A)†l (0)eb(a†HaH)Φ(A)l (0)baξ†(0)K ′n,aχ(0)|in > (34)
which is consistent with factorization of infrared divergences in non-equilibrium QCD at all
order in coupling constant where the gauge link Φ
(A)
l in the adjoint representation of SU(3)
is given by
Φ
(A)
l (x) = Pe−ig
∫
∞
0
dtl·Ac(x+lt)T (A)c (35)
where T
(A)c
ab = −if cab. In eq. (34) ξ is the two component Dirac spinor field that annihilates
a heavy quark, χ is the two component Dirac spinor field that creates a heavy quark, a†H is
the creation operator of the hadron and the operators Kn,e, K
′
n,a are proportional to T
e, T a
respectively.
Eq. (34) is similar to [1, 24] except that the vacuum expectation is replaced by medium
average.
Note that the non-equilibrium and non-perturbative matrix element
< in|Ψ¯r(x1)O1Ψr(x1)a†HaHΨ¯s(x2)O′2Ψs(x2)|in > in the left hand side of
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eq. (33) is independent of lµ. This proves that the long-distance be-
havior of the non-equilibrium and non-perturbative NRQCD matrix element
< in|χ†(0)Kn,eξ(0)Φ(A)†l (0)eb(a†HaH)Φ(A)l (0)baξ†(0)K ′n,aχ(0)|in > in eq. (34) is inde-
pendent of the light-like vector lµ which defines the gauge link at all order in coupling
constant.
This concludes the proof of factorization of heavy quarkonium production in (NRQCD)
color octet mechanism in non-equilibrium QCD at all order in coupling constant.
V. FACTORIZATION THEOREM IS A KEY INGREDIENT IN CALCULA-
TION OF HEAVY QUARKONIUM PRODUCTION CROSS SECTION IN NON-
EQUILIBRIUM QCD
In this section we will show how the factorization theorem as given by eqs. (30) and (33)
in non-equilibrium QCD is actually a key ingredient in calculation of heavy quarkonium
(H) production cross section in color octet mechanism at all order in coupling constant in
non-equilibrium QCD by using the formula
dσA+B→H+X(PT ) = dσˆA+B→QQ¯+X(PT ) < in|OH |in > (36)
where dσˆA+B→QQ¯+X(PT ) is the QQ¯ production cross section in color octet state at all order in
coupling constant in non-equilibrium QCD and < in|OH |in > is the non-perturbative matrix
element of heavy quarkonium production in color octet mechanism in non-equilibrium QCD
as given by eq. (34).
Let us prove how the eqs. (30) and (33) are key ingredients to prove eq. (36) to cal-
culate the heavy quarkonium production cross section in non-equilibrium QCD in color
octet mechanism at all order in coupling constant. Suppose we calculate the cross section
dσˆA+B→QQ¯+X(PT ) of heavy quark-antiquark production in color octet state in non-equilibrium
QCD at all order in coupling constant in the presence of light-like quark (or gluon). Then
from eq. (30) we find
< in|Ψ¯r(x1)O1Ψr(x1)Ψ¯s(x2)O′2Ψs(x2)|in >A
=< in|Ψ¯r(x1)Φ†r(x1)O1Φr(x1)Ψr(x1)Ψ¯s(x2)Φ†s(x2)O′2Φs(x2)Ψs(x2)|in > . (37)
Hence from eq. (37) we find that the A dependence which arises due to the soft gluon
exchanges with light-like quark (or gluon) is factorized and only appears in the gauge-links
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Φ(x) in the right hand side where Φ(x) is given by eq. (31). Eq. (37) implies that in the cross
section dσˆA+B→QQ¯+X(PT ) for QQ¯ production in color octet state in non-equilibrium QCD at
all order in coupling constant the infrared divergences due to the presence of light-like quark
(or gluon) are factorized only to the gauge links Φ(x).
Eq. (37) is the exact extension of eq. (1.6) of [30] of the factorization in QED.
Hence from eq. (37) we find that the non-perturbative matrix element of heavy quarko-
nium production in non-equilibrium QCD in color octet mechanism which cancels these
infrared divergences and is consistent with the factorization theorem is obtained from eq.
(33) and is given by eq. (34). This proves that the factorization theorem as given by eqs.
(30) and (33) in non-equilibrium QCD is actually a key ingredient to prove eq. (36) to
calculate the heavy quarkonium production cross section in color octet mechanism at all
order in coupling constant in non-equilibrium QCD.
VI. CONCLUSIONS
Recently we have proved the NRQCD factorization in heavy quarkonium production at
high energy colliders at all orders in coupling constant. In this paper we have extended this
to non-equilibrium QCD and have proved the NRQCD factorization in heavy quarkonium
production at all orders in coupling constant in non-equilibrium QCD. We have predicted
the correct definition of the non-equilibrium and non-perturbative NRQCD matrix element
of heavy quarkonium production. We have shown that the correct definition of the non-
equilibrium and non-perturbative NRQCD matrix element of heavy quarkonium production
is independent of the light-like four-velocity lµ used to define the light-like gauge link.
As mentioned earlier the proof of factorization is to ensure that any remaining infrared
(IR) divergence in the heavy quark and heavy antiquark production (along with light par-
tons) is canceled with the correct definition of the non-perturbative NRQCD matrix element
of the heavy quarkonium production at all orders in coupling constant in QCD. If such can-
celation does not happen then one will predict infinite cross section of the heavy quarkonium
production. Hence the proof of factorization in quantum field theory is an essential ingre-
dient to measure heavy quarkonium production at high energy colliders and at high energy
heavy-ion colliders. This is similar to renormalization in quantum field theory which deals
with ultra violet (UV) divergences.
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Note that the finite value of the cross section can be calculated by using the non-eikonal
part as given by the last line of eq. (5) but its calculation is not necessary if we are studying
the infrared (IR) divergence behavior due to the presence of light-like eikonal line which can
be seen from the third line of eq. (5), see also [1, 24]. Hence the infrared (IR) divergence
behavior due to the presence of light-like eikonal line can be studied by using the eikonal
approximation as given by the first line of eq. (5) without modifying the finite value of the
cross section which can be seen from the third line of eq. (5), see also eq. (15) and the
discussion in the last paragraph of section 7 of [1] for details. Hence the proof of factorization
of infrared (IR) divergences in non-equilibrium QCD which we have presented in this paper
only deals with the infrared (IR) divergences behavior without calculating the finite value of
the heavy quarkonium production cross section. This implies that the proof of factorization
in non-equilibrium QCD which we have presented in this paper will not tell us any thing
about the effect of QGP on the finite value of the heavy quarkonium production cross section.
The proof of factorization which we have presented in this paper is to make sure that one
does not predict infinite cross section of heavy quarkonium production.
Note that when we say non-equilibrium QCD, it has both vacuum part and medium part.
As far as Debye screening argument for j/ψ suppression is concerned, as mentioned in the
introduction, if the Debye screening radius is smaller than the j/ψ radius then the j/ψ will
be completely suppressed in QGP [2]. However, we have not observed complete suppression
of j/ψ at RHIC and LHC. This implies that the study of the heavy quarkonium production
mechanism in non-equilibrium QCD is necessary. Hence the proof of factorization of heavy
quarkonium production in non-equilibrium QCD at all orders in coupling constant which
we have presented in this paper is necessary to study the heavy quarkonium production at
RHIC and LHC.
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